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Abstract. In this paper we develop a Hamilton- Jacobi theory in 
the setting of almost Poisson manifolds. The theory extends the 
classical Hamilton- Jacobi theory and can be also applied to very 
general situations including nonholonomic mechanical systems and 
time dependent systems with external forces. 
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1. Introduction 

The standard formulation of the Hamilton- Jacobi problem is to find 
a function S(t, q A ) (called the principal function) such that 

apt) = o, (i-D 

where h = h(q A ,pA) is the hamiltonian function of the system. If we 
put S{t, q A ) = W{q A ) - tE, where E is a constant, then W satisfies 

a dW 

h tf>9jA ) = E '' (L2) 
W is called the characteristic function. 



Key words and phrases. Hamilton- Jacobi theory, Poisson manifolds, nonholo- 
nomic mechanics, time-dependent systems, external forces. 
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Equations (ll.ip and (II. 2p are indistinctly referred as the Hamilton- 
Jacobi equation (see [Tj |2"| 122])- 

The Hamilton- Jacobi equation helps to solve the Hamilton equations 
for h 

dq l dh dpi dh 

~dt ' ~dp~i' ~dt ~ 'dqt ^ ' ' 

Indeed, if we find a solution W of the Hamilton- Jacobi equation (II. 2p 
then a solution (<f(£) of the first set of equations (11.31) gives a solution 
of the Hamilton equations by taking pi(t) = 

A geometric version of this result has been recently described by 
Carinena et al [7J, based on the observation that if the hamiltonian 
vector field X h can be projected to the configuration manifold by means 
of a 1-form dW then the integral curves of the projected vector field 
can be transformed into the integral curves of Xh provided that W is 
a solution of the Hamilton- Jacobi equation. 

This observation has been succesfully applied to many other different 
contexts, including nonholonomic mechanics (see [7JE1CIIJEI2]), singular 
lagrangian systems [T51 [TB] , and even classical field theories [121 CEO [33] • 

The goal of the present paper is to present a general procedure for 
hamiltonian systems on an almost-Poisson manifold, that is, a mani- 
fold equipped with a skew-symmetric (2, 0)-tensor field which does not 
necesarily satisfies the Jacobi identity. We also assume that the almost- 
Poisson manifold has a fibered structure over another manifold. The 
Hamilton- Jacobi problem now is to find a section of the fibered mani- 
fold such that its image is a lagrangian submanifold and the differential 
of the given hamiltonian vanishes on the tangent vectors to the section 
and belonging to the characteristic distribution. 

The theory includes the case of classical hamiltonian systems on the 
cotangent bundle of the configuration manifold as well as the case of 
nonholonomic mechanical systems. We also apply the theory to time- 
dependent hamiltonian systems and systems with external forces. 



2. Hamilton- Jacobi theory in almost-Poisson manifolds 

Let 7r : E — > M be a surjective submersion (in other words, a 
fibration) such that E is equipped with an almost-Poisson structure A, 
that is, A is a skew-symmetric (2, 0)-tensor field on E. Notice that A 
does not necessarily satisfy the Jacobi identy; in this case, we will have 
a Poisson tensor, and E will be a Poisson manifold. For the moment, 
one only needs to ask (E, A) be an almost-Poisson manifold. 

Therefore, A defines a vector bundle morphism 

(t : T*E — > TE 
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by 

(tt(a),/3)=A(«,/3) 
for all 1-forms a and (3 on E. 

We denote by C the characteristic distribution defined by A, that is 

for all p G E. The rank of the almost-Poisson structure at p is the 
dimension of the space C p . Notice that C is a generalized distribution 
and, moreover, is not (in general) integrable since A is not Poisson in 
principle. 

The following lemma will be useful 
Lemma 2.1. Let (E,A) be an almost-Poisson manifold, then we have 

Proof: 

Observe that 

(Imttp) = {n E T;E I (fj,, |j»> = 0, Va G T* p E} 
= { f ieT;E\%(v),a}=0,VaeT;E} 
= ker U P 

and thus, the result holds. □ 
We also have the following definition 

Definition 2.2. ( jT§| |2"3] ) A submanifold N of E is said to be a la- 
grangian submanifold if the following equality holds 

$(TN°) = TN fl C 

To have dynamics we need to introduce a hamiltonian function h : 
E — > R, and thus we obtain the corresponding hamiltonian vector 
field 

X h = %{dh). 

M, i.e. 7r o 7 = idu- Define 



Assume that 7 is a section of it : E - 
the vector field on M by 

XI = Ttc o X h o 7 
The following diagram summarizes the above construction: 




TE 



Ttt 



TM 



4 M. DE LEON, D. MARTIN DE DIEGO, AND M. VAQUERO 

The following result relates the integral curves of and X^. 

Theorem 2.3. Assume that Im{^) is a lagrangian submanifold of(E, A). 
Then the following assertions are equivalent: 

(i) Xh and X^ are ^-related; 

(ii) dh G (TIm(j) n 6)°. 

Proof: 

Assume that Xh and X^ are 7-related. Then Xh = Tj(X^) and 
since Xh G C, we have Xh G TTm(7) R 6. But Im(7) is a lagrangian 
submanifold, so there exists j3 G (TIm(7))° such that 

x h = m- 

Using that X ft = §(dh), we have jj(d/i— /3) = 0, so dh — (3 G Ker(A) a = 

e°. 

Therefore 

dft G /3 + C° C (TIm( 7 ))° + e° 

= (Tim( 7 ) n e)°. 

If dh G (TIm(7) n C)° = TIm(7)° + 6°, then dh = a x + a 2 where 
at G TIm(7)° and a 2 G 6°. 

Then, along Im(7): 

Xh = x ai + X a2 

where A(«j) = X ai , i = 1,2. Using Lemma 12.1 1 we have Xh = X ai + 
X a2 = X ai + = X ai where a\ G TIm(7)°. 

Since Im(7) is a lagrangian submanifold, we have 
tj(TIm(7)°) = TIm( 7 ) n G 

and then 

X h = X ai G TIm( 7 ) n e 

Therefore we deduce that Xh and X^ are 7-related since both are 
tangent to the section 7(M). 

□ 

Assume that (E, A) is a transitive Poisson manifold, that is, C = TE. 
Then, we have 

Proposition 2.4. A submanifold N of E is a lagrangian submanifold 
if and only if 

$(TN°) = TN 

Therefore, the above theorem 12.31 takes the following classical form. 
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Theorem 2.5. Assume that Imi^f) is a lagrangian submanifold of(E, A). 
Then the following assertions are equivalent: 

(i) X h and are ^-related; 

(ii) d{hoi) = 0. 



3. Computations in local coordinates 

Assume that (x l ,y a ) are local coordinates adapted to the fibration 
tt : E — > M, that is, n(x\y a ) = (a: 1 ), where (x l ) are local coordinates 
in M. 

Therefore, the tensor A can be locally expressed as follows 

a = ^AaA + a^aA+^AaA 

2 ox 1 ox 3 ox 1 ay° 2 oy a oy° 

where A^ = — Ajj, A ab = —A ba due to the antisymmetry of A. Observe 
that 

A ij = A(dx\ dx j ) , A ib = A(dx\ dy b ) , 
-A ja = A{dy a , dx j ) , A ab = A{dy a , dy b ) . 

The above local expressions implies that 

tf(c^) = A ij —— + A ib — (3.1) 

* v ' dxi dy b v ' 

i(dy a ) = - A ' a ^j + Aab ^E ( 3 - 2 ) 

Using (13.11) we deduce that a hamiltonian vector field for a hamil- 
tonian function h e C°°(E) is locally expressed by 

Xh = (l^-I^A-)A (3.3) 
W dy a ' dxi ( J 

+( *U* + |*A-)A (3.4) 
W dy a ' dy b v ' 

Now, let 7 : M — > E be a section of n : E — > M. If 

7 (s i ) = (s < >7 B ( a ; < )) 



Xl=(^-^)o°. (3.5) 



we obtain 



\dx i dy a J dxi 

Proposition 3.1. Im(j) is a lagrangian submanifold of(E,A) if and 
only if 

A ab _ A jb^f + pJa^L +A ij^l^L = ( 3 6 ) 

dx3 dxi dx l dx? 
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Proof: First of all, let us observe that Xlm(7) is locally generated 
by the local vector fields 

Q Q 
\ 1 i 

l dx i dx i dy a> 



since 



' dx l dx l dx l dy a 
Therefore, if a 1-form 

a = otidx 1 + a a dy a 

annihilates TIm(7) we deduce the following conditions on the coeffi- 
cients: 

on = ~a a (3-7) 
Now, a simple computation shows that 

11(a) = (aiA ij - a a An — + (a,A ib + a a A ab ) —. 

Then, if (J(a) e Tim (7), with a G T'y(M) , and we use (13.7j) we deduce 
that 

11(a) = - a a kn — + {a^ + a a K ab ) — b 

= ^(-^-A-)A + a a (-^ + A-)A 



which implies 



A J = -ota-^-r^ 3 - a a A> a (3. 



and 



A ^ = - a »^ A,t + tt " A °' < 3 - 9 > 

Substituting the values of A- 7 given by (13. 8 p in equation (13. 9p we obtain 

A afe -A^ + A^ + A^|^ = 0. 
ox 1 ox 3 ox 1 oxi 

□ 
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4. Applications 

4.1. Classical hamiltonian systems, (see [lj l2| 118]) 

A classical hamiltonian system is given by a hamiltonian function h 
defined on the cotangent bundle T*Q of the configuration manifold Q. 

In this case, E = T*Q and A is the canonical Poisson structure Aq 
on T*Q provided by the canonical symplectic form uq on T*Q. Recall 
that now we can take bundle coordinates {q l ,Pi) where ^Q{q l ,Pi) = (q % ), 
and tcq : T*Q — > Q is the canonical projection. 

Since in bundle coordinates 



then 



Therefore, 



u Q = dq l A dpi 

A —A — 

Q dq % dpi 

dh d dh d 
h dpi dq l dq % dpi 



and if a section 7 : Q — > T*Q (that is, a 1-form on Q) is locally 
expressed by 

l(q i ) = (q i Mq)) 



we obtain 



7 'dh d 
Xh = { dp~ 0l) W 



The notion of lagrangian submanifold defined in Section 2 in the 
almost-Poisson setting reduces to the well-known in the symplectic 
setting, that is, it is isotropic and coisotropic with respect to the sym- 
plectic form uq. 

If we compute the condition (13. 6p in this case we obtain 

djj _ djj 
dq j dq l 

which just means that 7 is a closed form, i.e., dj = 0. So we recover 
the classical result (see [H 12] ) • 

Proposition 4.1. Given a 1-form 7 on Q, we have that Im{j) is a 
lagrangian submanifold o/(T*Q,Aq) if and only i/7 is closed. 

As a consequence, we deduce the classical result directly from The- 
orem [2J3 

Theorem 4.2. Let 7 be a closed 1-form on Q. Then the following 
assertions are equivalent: 

(i) Xh and are ^-related; 

(ii) d(/io 7 ) = 0. 
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4.2. Nonholonomic mechanical systems. In this section we will 
recover the results obtained in two previous papers [ITJ Q2] (see also 

muni si]). 

A nonholonomic mechanical system is given by a lagrangian function 
L : TQ — > R subject to contraints determined by a linear distribution 
D on the configuration manifold Q. We will denote by D the total 
space of the corresponding vector sub-bundle (tq)ib : T> — > Q defined 
by D, where (tq)\d is the restriction of the canonical projection tq : 
TQ-^Q. 

We will assume that the lagrangian L is defined by a Riemannian 
metric g on Q and a potential energy V G C°°(Q), so that 

L K) = -g(v q ,v q ) - V{q) 
or, in bundle coordinates (q\ q l ) 

L{q i A i ) = \g ij q i q j -Vtf) 

If {/i a }, 1 < a < k is a local basis of the annihilator D° of D, then 
the constraints are locally expressed as 

v a M 9* = 0, 

where fi a = /if (?) rfg*. 

The nonholonomic equations can be written as 

d fdL\ dL 



dt \dq* J d? AX(g) 
M?(?)5 4 = 0, 

for some Lagrange multipliers A* to be determined. 

Let 5" (respectively, A) be the canonical vertical endomorphism (re- 
spectively the Liouville vector field) on TQ. In local coordinates, we 
have 

Therefore, we can construct the Poincare-Cartan 2- form ul 
= —S*(dL) and the energy function function El = A(L) — L, such 
that the equation 

i iL u L = dE L (4.1) 

has a unique solution, which is a SODE on TQ (that is, S(£l) — A). 
Furthermore, its solutions coincide with the solutions of the Euler- 
Lagrange equations for L: 

d_ fdL\ _ dL_ _ 
dt ydq 1 J dq l 
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If we modify (14.1 j) as follows: 

i x ou L -dE L eS*((TV)°) (4.2) 

X eTD (4.3) 



the unique solution X n /, is again a SODE whose solutions are just the 
ones of the nonholonomic equations. 

Let 

FL:TQ — ► T*Q 
be the Legendre transformation given by 

FL( q \?) = (q\p l = — = g l rf) 

FL is a global diffeomorphism which permits to reinterpret the non- 
holonomic mechanical system in the hamiltonian side. Indeed, we de- 
note by h = El ° FL^ 1 the hamiltonian function and by M = FL(T)) 
the constraint sub manifold of T*Q. 

The nonholonomic equations are then given by 

dq l dh 
dt dpi 
d Pi _ dh -. 

where A* are new Lagrange multipliers to be determined. 
As above, the symplectic equation 

ix h uq = dh 

which gives the hamiltonian vector field Xh should be modified as fol- 
lows to take into account the nonholonomic constraints: 

i x u Q -dheF° (4.4) 

X eTM (4.5) 

where F is a distribution along M whose annihilator F° is obtained 
from S*((TT>)°) through FL. Equations (14 .4 p and (14. 5 j) have a unique 
solution, the nonholonomic vector field X n h. 

An alternative way to obtain X n h is to consider the Whitney sum 
decomposition 

T(T*Q)\ M = TM®F ± 
where the complement is taken with respect to loq. If 

P : T(T*Q) {M — ► TM 

is the canonical projection onto the first factor, one easily proves that 

X n h = P(X h ) 

Moreover, one can introduce an almost-Poisson tensor A n h on M by 
A nh (a,P) = A <3 {P*a,P*0) 
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which is called the nonholonomic bracket (see [B]). 
Obviously, we have 

X n h = §nh{dh) 

An alternative way to define the nonholonomic bracket is as follows. 
Consider the distribution 

TM fl F 

along M. A direct computation shows that the subspace 

T p M n F p 

is symplectic within the symplectic vector space (T p (T*Q),uq(p)), for 
all p G M (see (HE]). 

Thus we have a second Whitney sum decomposition 

T{T*Q)\ M = (TM n F) © (TM n F) L 

where the complement is taken with respect to loq. 
If 

P : T(T*Q) ]M — > TM fl F 
is the canonical projection onto the first factor, one easily proves that 

Moreover, it is possible to write A n h in terms of the projection P as 
follows the the nonholonomic almost-Poisson tensorA^ on M is now 
rewritten as 

A nh (a, P) = A Q (P*a, P*(3) = u Q {P{X a ),P{X p )) 

(see [6] for a proof). 

Consider now the fibration 

(M,A nh ) 
Q 

and the hamiltonian h\M (also denoted by h for sake of simplicity). 
We can easily prove that 

e p = TpM n f p 

Indeed,we have 

(U(«),/3) = -u Q (PX a ,Xf j )=cj Q (X fi ,PX a ) 
= (i Xp u Q )(PX a ) = ((3,PX a ) 

which implies 

U(«) = P(x a ) 
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Furthermore, the symplectic structure Q p on G p at any point j)GM 
is given by the restriction of the canonical symplectic structure uq on 
T*Q to G p . 

Proposition 4.3. Let 7 : Q — >■ M be a section of ttqi m '■ M — > 
Q, then Im{^) is a lagrangian submanifold of (M, A nh ) if and only if 
dj(X, Y) = for all X,Y E D. 

Proof: We notice that F = {v G T(T*Q) such that Ttt q (v) G D} 
and an easy computation in local coordinates shows that dim(F D 
TM) = 2dim(D). Thus, we have 

TIm( 7 ) n C = T 7 ( J D) 

On the other hand, it is clear that our definition of lagrangian sub- 
manifold is equivalent to Tim (7) fl C be lagrangian with respect to the 
simplectic structure fl on the vector space C. Since fl is the restriction 
of ujq, given X, Y G D we have 

n(r 7 (X),r 7 (Y)) = Q Q (T 7 (X),T 7 (Y)) = dr({X,Y) 

So, after a careful counting of dimensions, we deduce that Im( 7 ) 
is lagrangian with respect to A nh if and only if dj(X, Y) — for all 
X, Y e D. 

□ 

Using this proposition we can recover the Nonholonomic Hamilton- 
Jacobi Theorem as a consequence of Theorem 12.31 (see [HI [131 EI] ) ■ 

Theorem 4.4. [Nonholonomic Hamilton- J acobi] Given a hamiltonian 
h : M — )■ R, and 7 a 1-from on Q taking values in M, such that 
d n /(X, Y) = for all X, Y G D, then the following conditions are 
equivalent 

(i) X n h and 'X i nh are ^-related. 

(ii) dh G (Tj(D))° (which is in turns equivalent to d(hoj) g D°). 

We will get a suitable expression for the nonholonomic bracket A n h 
defined on the constraint submanifold M of T*Q (we follow the no- 
tations in [6]). This local representation can be also used to prove 
Proposition 14.31 

Let us recall that the constraints were defined through a distribution 
D on Q. Let D' a complementary distribution of D in TQ and assume 
that {X a }, 1 < a < n — fcisa local basis of D and that {Y a }, 1 < a < k 
is a local basis of D' . Notice that 

V a (X a ) = 0. 

Next we introduce new coordinates in T*Q as follows: 

Pa = X a Pi ,p n _fc +a = Y a pi 
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where 

■ d d 

Y — Y l V — V % 

In these new coordinates we deduce that the constraints become 

Pn-k+a = 

Therefore, we can take local coordinates {q l ,p a ) on M. 

A direct computation shows now that the nonholonomic bracket A n h 
on M is given by [6] 

A nh (dq\ dq j ) = , A nh (dq\ dp a ) = X l a 

dX^ dX^ 

A nh (dp a , dpp) = Xfypj-gfi - X\pj-^r 

In the sequel, we will apply then general theory developed in Section 
2 to the almost-Poisson structure (M,A n h)- 

Assume that 7 : Q — > M is a section of n : M — > Q. Then, we 
have 

7tf) = tf,7«(fl*)) 

Since 7 can also be considered as a 1-form on Q taking values on M 
we have 

i{q 1 ) = W)Ma 1 )) 

and since it takes values in M we get 

la = X l a 7i 

A direct computation from equation (13.61) gives 



*p , A /y ^% _ >aj dip 

nh ' nh Q qj nh g qj 



which can be equivalently written as 

d 1 (X a ,Xp) = (4.6) 

Therefore, j(Q) is a lagrangian submanifold of (M, Anh) if an d if 
c?7 G J(D°), where 3(D°) denotes the ideal of forms generated by D°. 
Indeed, notice that (14 .6D holds if and only if dj = £ a A /z a , for some 
1-forms £ a . 
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4.3. Time dependent systems. In this section we will follow 
We can also develop a time-dependent version of the previous construc- 
tion. If we have the fibration E — > M such that E is equipped with an 
almost-Poisson structure A, we can construct the following fibration in 
the obvious way 

Rx E (4.7) 



Rx M 

where now K x E is equiped with the almost-Poisson structure given 
by the addition of the null bivector on R and A on E. 

We can consider the "extended" version of this diagram, that is, 
consider T*R x E, equipped with the almost-Poisson structure A ext 
given by the addition of the canonical Poisson structure on T*R and 



A. Notice that if we consider coordinates global (£, e) on T* 
then 

— A— A 

dt de 



x 



A ex j 

the canonical projection is 
H : 



T*R x E — > Rx E 
(t,e,p) -> fi(t,e,p) = (t,p) 

According to the above notation, diagram (14.71) becomes 

T*R x E 



x E 




x M 



where w — 7Tr o 

Given a time dependent hamiltonian h 



x E 



are given by the evolution vector field + X h G X(l 



I, the dynamics 
1 x E). We can 
given by h ext = 



introduce the extended hamiltonian h ext : T*RxE — > 
fi*h + e and the respective hamiltonian vector field Xh ext = A\ xt {dh ext ) . 
Notice that fi*(X hext ) = | + X h . 

We will denote by Q ex t the characteristic distribution of A ext . Notice 
that G ext (t,e,p) = ^) + C p , under the obvious identifications. 

If 7 is a section of n, we can consider the section of 7r K given by /i o 7 
and define the vector field (J^ + X^) 1 on R x M as follows: 
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Now, we can state the time- dependent version of the Hamilton- 
Jacobi theorem. 

Theorem 4.5. If Im(j) is a lagrangian manifold in (T*R x E,\ ext ), 
then the following assertions are equivalent. 

(i) ( + X h ) and (t| + Xh)" 1 are n o ^-related 

(ii) dh ext G (T/m( 7 ) n G ext )° + (dt) 

Proof: 



Assume that (J^ + X h ) and (J^ + Xh) 1 are [i o 7-related. This means 
that given m G M 

Ty, o T 7 ((^ + X h )\m)) = + X h )0i o 7 (m)) 
or equivalently, there exists BeR such that 

^7((| + ^) 7 (™)) = (X^ + fl^)( 7 (m)) 
since any tangent vector in T 7(m )(T*IR x E) wich projects by \x onto 



9 + X^ is of the form 



X hext +B-^-, B6l. 

Using the same argument that we used in Theorem 12.31 we can con- 
clude that 

dh ext (~/(m)) + Bdt G (T 7(m) Im( 7 ) n e e , t ( 7 (m)))° 

and so 

dh ext e (Tlm( 7 ) n e ext )° + (dt) 

Assume that dh ext G (TIm( 7 ) n C ea;t ) + (dt); this means that given 
any point u G Im( 7 ), there exists a real number B such that 

d/wH + Bdt(u) g (Tjm( 7 ) n (e eit ) M ) . 

Now we can deduce 

k\ xt (dh ext {u) + Bdt(u)) G TJm( 7 ) 

where Al xt (dh ext (u) + Bdt(u)) = X hext (u) + B&(u) 

Obviously, the last statement implies that Tfi^(Xh ext (u) +B-j^(u)) G 
T M(x) Im(^o 7 ), but 

T^(X haxt (u) + Bf e {u)) = T^(X hext (u)) + T^(B£(u)) 

= T^{X hext {u)) = {i + X h ){^u)) 

wich implies that (4 + Xh) and (M? + Xh) 1 are // o 7 -related. □ 
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4.4. External Forces. In this section we will apply the above general 
scheme to time- dependent systems and systems with external forces 
(see 12115]). 

A force is represented by a semi-basic 1-form F(t, v q ) = a>i(t, q, q) dq\ 
wich is equivalent to give a fibred mappping 

R x TQ T*Q 



Id K x 



R x Q WQ > Q 

(see [H] for details). Assuming that our dynamical system is described 
by a regular lagrangian L : TQ — > R and the force F, then using 
the Legendre transformation FL : TQ — > R we can transport F to the 
hamiltonian side and define F = F o (FL) -1 . 

We have 

R x T*Q T*Q 



R x Q PTQ , Q 

where prq(t, q) = q 

Given a hamiltonian h : R x T*Q — > R, then the evolution of the 
system with external force F is now given by 

where Vp is the vector field determined by 

V p (t,a g ) = A^* Q (F(t,a Q ))), 
Aq being the canonical Poisson structure on T*Q. 

d_ 

at 

dh 



In bundle coordinates js + Xh + Vp provides the differential equation 



OPi 

8h ~ 

Pi = —r Fi. 

oqi 

We can consider T*(R x Q) with the almost-Poisson structure A 
given by A = Ak x q + Vp A (recall the definition of e in the previous 
section). In local coordinates 

^ pd^d d ^ d d ^ d 
1 de dpi dt de dq l dpi 

It is easy to see that the characteristic distribution of A is the whole 
space (see f)4.9p ). 
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We can define h ext = ffh+e, where \x is defined in the same way that 
in !4.8l We can construct the hamiltonian vector field Xf lext = A^(dh ext ). 
Due to the definition of A it is easy to see that H*{Xh ext ) = -j^+Xh + Vp. 

The following diagram summarizes our construction 

T*(R x Q) 



x T*Q 




If 7 is a section of 7t Kx q (a 1-form on M. x Q) we can consider the 
section of n given by (j, o 7 and define the vector field (J^ + X h + Vp) 1 
011 1 x M 

(- + X h + V p y = Tn o (- + X h + V F ) o (/i o 7) 
and we can state the following. 

Theorem 4.6. If Im(j) is a lagrangian manifold in ^(T*(M x Q),Aj, 
then the following assertions are equivalent. 

(i) + X h + Vp) and + X h + V» 7 are n o ^-related 

(ii) dh ext e T/m( 7 )° + (dt) 



Proof: 

The proof is analogous to that in Theorem 14.51 

Next, we shall characterize when a section 7 is lagrangian. 



□ 



Proposition 4.7. A 1-form onM. x Q is lagrangian with respect to A 
if and only if 

6?7 = (F o ji o 7) A dt 



Proof: Using the local expression of A we have 

Hdt) = -I 



de 

-F — + — 

d 
dp 1 



A(de) 
A(dq i 



(4.9) 



It is easy to see that A" is an isomorphism, and so we can define the 
corresponding almost-symplectic structure Q, that is (A*) -1 = Q b , and 
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thus 



Q\d) = -F l dq t + de 



Cl b (JL) = -dt 

~ ( 4 - 10 ) 

So we can conclude that 

Q = dq l A dpi + de + Fidqi A dt 

The image of the 1-form 7 will be lagrangian for Cl if and only if 

0=7* (Q) = 7* (dq i A dpi + dt A de + A dt) 

= 7*(d<f A dpi + dt A de) + Y {Fidqi A rft) 

= — d^j + (Fj o jj, o 7)^ A (it 

and the result follows. □ 

Remark 4.8. Our result generalizes the Hamilton- Jacobi theorem de- 
rived in [5] for the case of linear forces and time-dependent systems 

o 



Remark 4.9. The above discussion can be extended to a more general 
setting using similar arguments than in preceding sections. o 
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